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Abstract

It is well-known that weakening and contraction cause
naive categorical models of the classical sequent calcu-
lus to collapse to Boolean lattices. We introduce sound
and complete models that avoid this collapse by interpret-
ing cut-reduction by a partial order between morphisms.
We provide concrete examples of such models by apply-
ing the geometry-of-interaction construction to quantaloids
with finite biproducts, and show how these models illumi-
nate cut reduction in the presence of weakening and con-
traction. Our models make no commitment to any trans-
lation of classical logic into intuitionistic logic and distin-
guish non-deterministic choices of cut-elimination.

1. Introduction

It is widely-believed that the classical sequent calculus
has no decent denotational semantics, let alone an algorith-
mic interpretation. Indeed, Cartesian closed categories with
dualizing maps are equivalent to Boolean lattices [9, [7].
This algebraic observation, however, is too crude to reveal
the proof-theoretic structure to be found. In fact, the key to
understanding the algebraic structure of classical proofs lies
in the properties of weakening and contraction in multiple-
conclusion systems and the non-deterministic behaviour of
cut-elimination. To see the point, consider the proof
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where ®; and ® are arbitrary proofs of I' = A. We call this
the “Lafont proof”, because it is a variant of an example ac-
credited to Lafont (cf. page 151 in [[L5]). The sub-proof @4

is weakened on the right, and the sub-proof ®, is weak-
ened on the left. Then follows a cut, where the cut-formula
is the formula ¢ introduced by the weakenings. Finally, the
double occurrences of I' and A are removed by contrac-
tions. (Clearly, the left and right contractions are supposed
to commute with each other, so we need not specify the or-
der in which they are applied.) The proof A reduces to
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Clearly, the weakenings followed by the contractions are es-
sentially nothing (cf. [[15], page 152). So both ®; and P,
are reducts of A, and the denotations of ®; and ®, must
be equal for any semantics that admits cut-reduction in the
sense that the reduct is denotationally equal to the redex.
In summary, any denotational semantics that admits cut-
reduction must identify all proofs of a sequent I" - A.
There are various escapes from this collapse:

e Single-conclusion systems, where the succedent A
contains at most one formula. (This rules out Lafont’s
example.) An example is Gentzen’s system LJ for in-
tuitionistic logic;

e Systems without weakening and contraction; for ex-
ample, linear logic. (This too rules out the Lafont
proof.) As is widely-known, multiplicative classical
linear logic can be modelled by certain linearly dis-
tributive categories (formerly called “weakly distribu-
tive categories”, see [3]]);

e “Classical natural deduction” systems [[7], where
proofs may be represented as terms of the Auwv-
calculus [[16, [18]]. Such systems do not admit all cut-
reductions: the call-by-name version of A\uvr admits
only the reduction of A to ®5, while the call-by-value
version admits only the reduction to ®;. Each version
corresponds to a different choice of ——-translation.



But, with a classical perspective, these escapes are flawed:
intuitionistic logic and natural deduction systems ruin the
symmetry of the classical sequent calculus; intuitionistic
logic and linear logic limit the range of provable judge-
ments. (For a detailed discussion of the non-determinism
of cut-reduction, see [22]].)

In this article, we present a solution that does not suffer
from these flaws, analyzing more carefully what it means to
“admit cut-reduction”. Specifically, the present authors have
introduced in [5] a kind of order-enriched category called a
classical category whose objects model types and whose
morphisms model proofs of the classical sequent calculus.
For cut-reduction, whenever a proof ® can be reduced to an-
other proof ¥, we only require C |®| < C | ¥ | (as opposed
to C|®| = C|¥]), where C |®| and C | V| are the mor-
phisms of C denoted by ® and W, respectively. Classical
categories are a special case of symmetric linearly distribu-
tive categories [3]: they have symmetric monoidal prod-
ucts ® and & for modelling conjunction and disjunction,
respectively. To model contraction and weakening on the
right, every object A is endowed with a symmetric monoid
(Va:A® A — A,[Ja: 0 — A). Dually for contrac-
tion and weakening on the left.

We shall introduce a notion of theory with judgements
of the form & < ¥ where ¥ and ® are proofs of the same
sequent I' = A, such that:

e Whenever ® can be cut-reduced to V¥, then the judge-
ment ® < ¥ is a theorem (Theorem B.A). (The rela-
tion < is slightly greater than the reflexive-transitive-
compatible closure of cut-reduction. For example, we
require the standard axiom expansions (a.k.a. n-laws),
i.e., the laws that allow to rewrite axioms T in
terms of axioms that involve only subformulz of ¢);

e Classical categories are sound with respect to this no-
tion of theory (Theorem B7). This means essentially
that & < ¥ implies C [®| < C|¥] for every classi-
cal category C;

e We also have completeness (Theorem B8)). That is, if
C |®] < C|¥] holds for every model C | — | of a the-
ory 7, then & < W is a theorem of 7.

Examples of classical categories include the category Relg
of sets and relations, in which both disjunction and con-
junction are modelled by the set-theoretic product (Exam-
ple B2), every Boolean lattice (Example B3)), and the prod-
uct of any two classical categories. These examples are dis-
cussed in detail in [S]].

After introducing classical categories and establishing,
cut-elimination relative to <, soundness and completeness
(§ B, proved in detail by the present authors in [B], we
shall devote the rest of this article to a particularly inter-
esting class of classical categories, G(Q), that arise from
applying the Geometry of Interaction (Gol) construction to

a quantaloid Q with finite biproducts (§ ). The theorem
stating that categories of the form G(Q) are classical cat-
egories (Theorem goes significantly beyond the usual
Gol construction in that it makes essential use of the quan-
taloid’s biproducts and local order. Also, it describes an in-
teresting characterization of monoid homomorphisms and
co-monoid homomorphisms, which is closely linked with
the question whether a proof makes essential use of nega-
tion (Proposition L.

We shall describe how models of the form G(Q) lead to
a presentation of proofs as matrices (§ BT, which in turn
have a graphical presentation (§ EE2).

Finally, we shall use this graphical presentation to ex-
plain how proofs can “grow” during cut-reduction in the
presence of weakening and contraction (§ B).

2. Preliminaries

The version of the classical sequent calculus to which
we refer is given in Table Bl (p. 8), where the arrows are to
be ignored until later in this article. As in [[19], we use a
system of multiplicative linear logic plus rules for weaken-
ing and contraction, and so obtain a calculus which differs
from Gentzen’s LK [6] only in its use of the multiplicative
form of the introduction rules and the absence of explicit
implication. We consider implication to be derived — that
is, o = 1 = ¢ VY, and we treat the rule TL as a de-
generate case of WL, with ¢ = T, and dually for L R.

2.1. Linearly distributive categories

A linearly distributive category (originally called
“weakly distributive category” [3]) is a category with two
symmetric monoidal products ® and & and a natural trans-
formation § : A® (B® C) — (A® B) ® C, called
(linear) distribution, satisfying certain equations [3]]. As is
well-known, the distribution is exactly what is needed to
model the cut rule. Symmetric linearly distributive cate-
gories with negation have an object A~ for every object A,
and morphisms A* ® A —— 0and 1 — A @© AL sat-
isfying certain coherence conditions. They are equivalent
to x-autonomous categories, and provide a sound and com-
plete semantics of multiplicative linear logic [3]]. A compact
closed category is a symmetric linearly distributive category
C with negation such that (C, ®,1) = (C,®,0).

2.2. Biproducts and quantaloids

A category C is said to have finite biproducts if, for all
objects Ay, ..., A,, there is an object A1 & --- @ A,, with
two families of maps

AILAl@"'@Anﬁ’Ak k,le{l,...,n}



such that the p; form a product cone and the ¢; form a co-
product cone for Ay, . .., A, (cf. [T0,20]). When n = 0, we
call the biproduct the null object (which is initial and termi-
nal), and denote it by 0.

For any two objects A and B, the zero arrow 0 4 is de-
fined to be the composite A —— 0 —— B. We write
A4 resp. V 4 for the evident maps A —— A & A resp.
A@® A —— A. The finite biproducts induce an enrichment
over the category of symmetric monoids: the operation +
on C(A, B) definedby f+g=Vpo(f®g)oA,formsa
symmetric monoid with 0 4  as the neutral element, and the
composition of morphisms is a monoid homomorphism in
both arguments (see Exercise 4(a) in § VIIL.2 of [[10]). Ow-
ing to the biproducts, this is the only symmetric-monoid en-
richment on C (cf. Prop. 4 in § VIIL.2 of [[10]).

We are interested in the case where the hom-monoids
are complete lattices. A quantaloid [20] is a locally small
category Q such that every hom-set is a complete lattice,
and the composition of morphisms preserves suprema in
both variables. We write f LI g instead of f + g, and C for
the corresponding order. We shall use the term “quantaloid
with finite biproducts” for categories with finite biproducts
that happen to be quantaloids; this is justified by the afore-
mentioned fact that the symmetric-monoid enrichment is
uniquely determined by the biproducts.

Example 2.1. The category Relg (not to be confused with
Relg in Example B2), whose objects are (small) sets, and
whose morphism A —— B are subsets of A x B. The
biproduct of sets is given by the disjoint union, and C turns
out to be the set-theoretic inclusion.

Given objects Ay,--- , A, and By, ---
flk : A — By, we write

fll e fnl

, By, and maps

flm e fnm

for the unique morphism f : A; & - --
-+ @ B,, such that p; o f o4; = fii.

For a morphism f : A —— A of a quantaloid the
reflexive-transitive closure f* is defined as f* = | |.-, fe

@An—>B1@

2.3. Geometry of interaction

The Geometry of Interaction (Gol) was introduced by
Girard [12, 13| [14], in the context of modelling linear
logic [[L1]], as an attempt to provide a mathematically pre-
cise presentation of logical structure independent of any
prior commitment to a choice between syntax and seman-
tics.

More recently, Abramsky et al. [LLl] have presented a con-
struction, adumbrated in lectures by Martin Hyland, which

AT B~ Bt c-

A~ Bt B~ ct

Figure 1: Symmetric feedback

isolates the key properties of Girard’s Gol. Abramsky’s ver-
sion in turn is a special case of a construction due to Joyal
et al. [8] that sends a traced monoidal category to a tortile
monoidal category.

The starting point of the Gol construction is a traced
symmetric monoidal category, which is a symmetric
monoidal category Q together with a family of functions

Trip:QA®X,B®X) — Q(A,B),

called a trace, which is natural in A and B, dinatural in X,
and satisfies a number of conditions (see [L]]).
Next, we recall the Gol construction as presented in [[1]].

Definition 2.2. Given a traced symmetric monoidal cate-
gory Q, the category G(Q) is defined as follows:

e Objects are pairs (AT, A ) of objects of Q;

e A morphism f : (AT, A7) — (B*,B7) of G(Q)
is a morphism f : A+ ® B~ — A" ® BT of Q;

e The identity id(a+ a- ) is the twist map o+ 4-
Al A > A QAT

e Composition is given by symmemc feedback, as illus-
trated in Figure[ll For f : (AT, A7) — (BT, B7)
and g : (BT,B7) —— (C*,C™), the composite

of 1 (AT A7) — (CT,C7)is
fog

(AteB)eBTeCT) (A~ @ BN ® (B~ @Cch)

Atec)eB @B") — (A" @CcH ® (B ®B")
Tr.

Atgc™ — A~ @cCt
We have the following result from [[1]] (which essentially
follows from results in [8]]):

Proposition 2.3. G(Q) is a compact closed category.

Proof (Sketch). We have (AT, A7) ® (BT,B™) = (AT ®
Bt A~ ®@B™);forf: (AT,A") — (B",B )andg:
(Ct,C7) — (D", D), the morphism f ® g : (AT ®
Ct,A~®C~) — (Bt@D",B-®@D")is

(AteB )o(CteD ) L2 (A eBYH e

AteCchH @B @D ) — (A" ®C7)

(C”®D")
® (Bt @ DM)

The tensor unit is (1,1) where 1 is the tensor unit of
Q. We have (AT, A")" = (A, A*). The map ~L



(AT, A7)" ® (AT, A=) — (1,1) is given by the iso-
morphism (A” ® AT)®1 — 1® (AT ® A7), and du-
ally for 7R : 1 — (AT, A7) @ (A+, A™)". O

3. Classical categories

Next, we introduce classical categories as sound and
complete semantics of the classical sequent calculus.

A classical category is a symmetric linearly distributive
category with negation, plus some extra structure. An in-
terpretation in a symmetric linearly distributive category C
with negation sends a formula ¢ to an object C |¢] (or | @]
in short) according to the rules

AP =0 @[]
vyl =Is]@ (Y]

(So the interpretation of formula is determined by the in-
terpretation of atomic formul®.) A proof ® of a sequent
D1y On Y1, ..., 1y, is interpreted by a morphism

C I_(I)J : I_(Z)IJ Q- \_(an - \_wlj DD I_me

For a detailed description of the interpretation, see [4]].
Classical categories provide the extra structure required
for interpreting weakening and contraction. To model ER,
CR and WR, every object A has a symmetric monoid —
that is, a multiplication V4 : A & A —— A and unit
[Ja : 0 —— A satisfying the evident equations that state
the associativity and symmetry of V 4 and the neutrality of
[J 4. We say that symmetric monoidal category has symmet-
ric monoids if every object has a symmetric monoid, and
three more equations hold: one that states that multiplica-
tion V 44 p is definable pointwise — that is, from V 4 and
V B, a similar one that states that the unit [| 4g 5 is definable
pointwise, and the requirement [Jo = id. (These equations
are standard, see any of [21} 5 4]] for diagrams.) Dually, EL,
CL, and WL are modelled by symmetric co-monoids, with
maps Ay : A— A® Aand () : A — 1.

Definition 3.1. A classical category is a symmetric linearly
distributive category with negation, together with a partial
order <4 p on every hom-set C(A4, B), such that:

1. The symmetric monoidal category (C, &, 0) has sym-
metric monoids;

2. The symmetric monoidal category (C, ®, 1) has sym-
metric co-monoids;

3. The object-indexed families of maps A4, Va, ()a,
and [] 4 are lax natural transformations in the sense that
for every morphism f we have

Aof<(f@f)oA [foV<Vo(faf)
(Yof <0 foll <1

4. The inequalities in Table M hold, where the morphisms
2 and 04 are the evident maps built from the distribu-
tions § and symmetric-monoidal isomorphisms;

5. Composition of morphisms, and the functors ®, @ are
monotonic in all arguments. (It can be shown that this
implies that the negation functor too is monotonic.)

Example 3.2. Relg, is a (compact closed) classical cate-
gory, if both ® and ¢ are defined to be evident functor that
takes the set-theoretic product x (not the biproduct, which
is given by the set-theoretic union). Both 1 and 0 are the sin-
gleton set {+}. Negation does nothing to objects. The map
At ® A —— 1lis {((x,2),*) : * € A}, and dually for
0 —— A® AL. The map V4 is {((z,2),2) : z € A},
and [|4 is {(*,z) : x € A}. Dually for A4 and () 4. The
hom-order is the set-theoretic inclusion of the relations.

Example 3.3. Every Boolean lattice B. The objects are the
elements of B, and there is at most one morphism x — 1y,
which exists if and only if x < y. The functor ® is the meet,
and @ is the join.

Example 3.4. If C and C’ are classical categories, then so
are C°? and C x C’. Because there exist compact closed
classical categories C with non-trivial hom-orders (e.g.,
Relg as in the example above, or the Gol models intro-
duced later in this article), and C’ can be some Boolean lat-
tice, it is evident that there are classical categories which are
not compact closed and have non-trivial hom-orders.

The rule CR, with principal formula ¢, is modelled es-
sentially by post-composing V4| : [¢] @ [¢] — [¢].
The rule WR, where ¢ is the introduced formula, is mod-
elled essentially by post-composing [J|4 : 0 —— |[&].
Dually for CL and WL.

Before stating soundness and completeness, we need to
clarify our notion of theory. A signature 3. consist of a set
As; of atomic formulz and a set Ky, of non-logical axioms,

which are atomic derivations of the form € with no

hypotheses. (Although non-logical axioms can lead to logi-
cal inconsistency, e.g., if ' = T and A = L, they are nec-
essary just as A-terms of “false” type are necessary to form
the internal language of a cartesian closed category.)

Definition 3.5. A sequent theory T over a signature X is a
set of inequalities of the form ® < ¥, where both ® and ¥
are proofs of the same sequent I' = A over X, such that:

1. The relation < is reflexive, transitive, and compatible
(i.e., all inference rules are “monotonic” w.r.t. <);
2. Therelation < contains all instances of the well-known

rules for eliminating logical cuts, forwards and back-
wards, e.g., the one below (for details, see [4]);
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Table 1: Inequalities of a classical category

o v E 4 =
Ihg T'Fy éukFA < iy swA
DT FoAy ¢ApEA - r'r ¢ 6T A
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3. The relation < contains the two rules in Table Pl and

their duals REDWR and REDCR (not backwards);
4. The standard axiom expansions (a.k.a. n-rules) hold

forwards and backwards, as well as certain coherence
laws for ER, CR and WR, and for EL, CL, and WL
(for details, see [4]]).

Theorem 3.6 (Cut-elimination). For every proof ® in a se-
quent theory without non-logical constants, there is a cut-
free proof ® such that ® < P'.

A striking aspect of sequent theories is that the reduc-
tions for logical cuts are required to hold backwards (i.e.,
redex and reduct are equivalent), but not so the reductions
for weakening and contraction. That the former hold back-
wards is in harmony with usual semantics of multiplicative
linear logic in symmetric linearly distributive categories.

That REDWL and REDWR cannot both hold backwards
follows immediately from Lafont’s example: if they held
backwards, then the reducts ®; and ®, in Lafont’s exam-
ple would be equivalent to the redex and therefore to each
other. Thus, any two proofs of I' F A would be equiva-
lent, and any model would have to collapse.

The situation for REDCL and REDCR is subtle: in § B
we shall give an example that shows why they cannot hold
backwards in our Gol models.

Theorem 3.7 (Soundness). Let 7 be a set of proofs over
a signature Y. Then for every interpretation C |—| of T in
a classical category C, the judgements ® < VU such that
|®| < | V| form a sequent theory.

Proof. The soundness of REDCL follows from the lax nat-
urality of A and the law AV. The lax naturality models the
fact that the subproof ® is copied, while the law AV models
the fact that the CL with principal formula ¢ is “replaced”
by the CR’s for A; and As.

Similarly, the soundness of REDWL follows from the lax
naturality and the law ()[]. The lax naturality models the fact
that the subproof ® is discarded, while the law ()[] models
the fact that the WL that introduces ¢ is “replaced” by the
WR’s that introduce A1 and As.

For a detailed proof, see [4]. [l

Theorem 3.8 (Completeness). Let 7 be a sequent theory,
and suppose that for proofs ® and V of I' = A we have
C |®| < C|Y| in every interpretation C | — | in a classi-
cal category C. Then the judgement ® < U is inT.

Proof. Via a term model construction; details in [4]]. [l

We have mentioned above that axiom expansions (7)-
rules) are taken in sequent theories. Indeed, soundness and
completeness are proved with respect to these laws (and
laws of this type are normally validated by categorical mod-
els of proof systems [9, B3l 2]]). It may be argued, however,
that axiom expansions should not be included in sequent
theories. To see this, consider that we might choose to iden-
tify proofs with their sets of normal forms. But, as Edmund
Robinson has pointed out, the axiom-expanded version of a
proof may have a larger set of normal forms than the origi-
nal proof. Hyland [[7]] briefly discusses this issue.

4. Classical categories from quantaloids

Next, we show that the compact closed category G(Q)
forms a classical category for every quantaloid Q with fi-
nite biproducts. The proposition below, whose proof is rou-
tine, is a generalization of Proposition 6.3 in [§]:
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Table 2: Cut-reductions for weakening and contraction (representative cases)

Proposition 4.1. For every quantaloid Q with finite biprod-
ucts, the operation that sends a morphism

fax  fxx

to fapU fexofyxofax : A —— Bisatrace operator.

It is helpful to spell out the structure of the category
G(Q) in terms of the structure of Q. By definition, a mor-
phism f : (A*, A7) —— (B*,B7) of G(Q) is a mor-
phism f : AT ® B~ —— A~ © BT of Q. Because ®isa
biproduct, f can be given by four morphisms:

AJF fAB B+
fan) [y ()
A7 < B~
fBa

For the composition g o f, it is helpful to arrange the com-
ponents of f and g in a diagram:

A+ fAB B+ gBC C+
fAAl fBBT lgBB Tgcc- (2)
A~ B~ c~
fBa gcB

The components of g o f, which can be obtained directly
from Diagram Pl by chasing paths, are

(90 flac =gec o (fBBogsr) © faB
(9o f)aa = faalU feao(gspo fep) ogspo(ferognn)” o fam
(g0 f)cc =gecc Ugpc o (fBogsr) o fepo(9gss o feB)  ogcs
(9o flca = feao(9sp o fEB) 0gch

(Diagram [l was in fact a starting point for the Gol work
presented in this article; the need for the (—)" operator in-
spired the use of quantaloids, and we realized only later that
Diagram Plamounted to Gol.)

The identity on (AT, A™) is given by the square whose
two horizontal arrows are identities and whose two vertical
arrows are zeros. For a detailed description of the remaining
structure of G(Q), see [4]].

Before stating the following theorem, we need some def-
initions. A morphism f : A —— B is called a semi-
group homomorphism if it preserves multiplication — that
is, foV =V o (f® f) (note that the < direction always
holds); f is called a pointed homomorphism if it preserves
the unit — that is f o [| = []; f is called a monoid homo-
morphism if both conditions hold. Dually for co-semigroup
homomorphism, co-pointed homomorphism, and co-monoid
homomorphism. As we shall see (Proposition E26), whether
the denotation f of a proofis a (co-)monoid homomorphism
is closely linked with the proof’s use of negation.

Theorem 4.2. For every quantaloid Q with finite biprod-
ucts, the compact closed category G(Q) forms a classical
category.

Moreover, for all f : (AT, A7) —— (B*,B7) in
G(Q), the following are equivalent: (1) faa = 0, (2) f
is a semigroup-homomorphism, (3) f is a co-pointed homo-
morphism.

Dually, the following are equivalent: (1) fpp =0, (2) f
is a co-semigroup-homomorphism, (3) f is a pointed homo-
morphism.

Consequently, the following are equivalent: (1) faa = 0
and fgp = 0, (2) f is a monoid-homomorphism, (3) f is a
co-monoid-homomorphism.

Proof. For morphisms f,g : (A*,A”) —— (B*,B")
in G(Q), we define f < g if and only if gaa C faa and
9BA E fpaandgap C fapand gpp C fpp. The monoid



on (AT, A7) is given as below, and dually for the

At @4t g o L 4+
Viaray= 0] 0] Joaray = ol of
AT A — A O&A_
co-monoid. For a detailed proof, see [4]. O

4.1. The matrix presentation of G(Q)

We shall explain how to describe the denotations of
proofs in a category G(Q) as matrices.

Let C be any classical category with ® = . Proofs
of sequents ¢1,...,¢, F ¥1,...,1,, denote morphisms

lo1] @B @ |dn] — [U1] D B [¥m]. Proofs of se-
quents of the form

T,6 A, T F A or T,6Vy, T FA

denote morphisms |I'| & |¢| & [v]| & |[IV] —— [A].
Dually, proofs of sequents of the form

THAQAY,AN  or  TFEA GV A

denote morphisms |[I'| —— [A| & |¢] & [¢] & |A].
Proofs of sequents of the form

I,T.I"+A or I, L.I'FA

denote morphisms |I'| & [IV] —— [A], and dually.
Proofs of sequents of the form

Do, TV AN or | I A AT AN

denote morphisms |I'| @ [¢] @ [T/] — [A]| @ |A]',
and dually. So:

Observation 4.3. Proofs of sequents I' = A are interpreted
by morphisms |p; |@---®|p,, ] — [pf | D @ ph].
where {py,...,p,py ..., } is the set of occurrences
of atomic formule in I - A, and

e cach p; is either in I' under an even number of nega-
tions, or in A under an odd number of negations (we
say that such occurrences of atomic formula have neg-

ative polarity), and
e cach p;r is either in I" under an odd number of nega-

tions, or in A under an even number of negations (we
say that such occurrences have positive polarity).

Now for the special case where C is of the form G(Q).
Let ® be a proof of I' = A, and let p:’ and p; be as in
Observation Because Lpﬂ = (ij'r_, Lpﬂ ) and
lpi | = (Lpi_JJr, |p;i | ), ® denotes essentially a mor-
phism

(e @ el lor) @ elp )
=lpr]@- @] — [pf]® &)
=(pt| e et of) e e pt])

of G(Q). For simplicity, we assume from here on that the
denotations of atomic formula p are positive, in the sense
that [p|~ = 0. (Intuitively, this corresponds to the fact that
atomic formulea have no subformula under an odd number
of negations — because they have no subformul at all.) So
every proof of I' = A denotes a morphism

of G(Q), which is given by a morphism

folrlTe ey — il e oph"

of Q. This in turn corresponds to a matrix

Py - D

pf fir o fm
=00 :

p:ﬁ f'ml e fnm

where f;; € Q(|pi] . ijJJr). We call f;; the data-flow
from p; to p;r, and f the data-flow matrix.

4.2. A graphical presentation of data-flow

Next, we describe the interpretation of proofs in a clas-
sical category C for the special case where C has the form
G(Q). Guided by our insights from § Ll we assume that
the interpretations of atomic formula are positive. Thus, to
describe the interpretation is to describe the data-flow ma-
trix of any given proof.

As it turns out, the matrices are best described in a
graphical way. This graphical description is presented in Ta-
ble Bl next, we shall explain how it describes matrices. As a
first example, consider the proof below, where p and q are
atomic, and occurrences of formul® are annotated with +
and — according to their polarities.

— Ax — Ax
p Fp" g gt

vL
p~ Vg Fpt gt

By Observation 3] we need a matrix of the form

P q
pT | fu fa
q+ fiz  fo2

Decorating the proof according to Table Bl yields

p- F pt ¢ + qF
S S
p- vV ¢ F pt , q"



There is a path from the bottom p~ to the bottom p* and

AL

VL

1L

-L

EL

WL

CL

from the bottom ¢~ to the bottom ¢ ™. Those two paths sig-
nify that f1; = id and fos = id. There is neither a path

x from the bottom p~ to the bottom ¢+, nor from the bot-
e r @ tom ¢~ and the bottom p™T. This signifies that fo; = 0 and
fiz2=0.

/

Py FA1, 1, A, TorAy, ¢p, A To understand negation, consider the proof

S

H —T—>

A
| . A
_ + ’
[ T X K] o
A where ¢ = p V —q and p, ¢ are atomic and the occurrences

Ty, T FAL, Ao, 61 Ada , A] , A
of ¢ are annotated according to their polarity. Decorating
the proof according to Table Bl yields

VR l

S

—1 2

Ty,

o~ kot

This is supposed to stand for

D et D

TR | l
- T

pmV oo (¢ F opt v = ()
That is, an arrow from ¢~ to ¢ stands for a bundle of ar-

rows, comprising one arrow from each negative occurrence
-R

4 —t—>

of an atomic subformula p of ¢ resp. ¢~ to the correspond-
/ ing positive occurrence of p in ¢~ resp. ¢T. Thus we have
a 2 x 2-matrix with fi; = id, foo = id, fop = 0, and
fi2 =0.

Negation can cause data-flow within one side of a se-
quent. For example, consider the proof below, which has a

ER

data-flow whose source and target are on the left side of .

l—l

5 —t—=

S

" __,A

b <~ b
V.

[Pt S

Y oY
r rr oA r - a NS T ¥
T T | T | | WR (4 ) - Yk
| |/ | | ! ‘/ For another example, consider the Lafont proof with
oo mes Pra e s I"' = pand A = ¢, where p and q are atomic. Suppose that
the 1 x 1-matrices denoted by ®; and ®5 are (f1) and (f2),
P 6.6 . 'EA TrEA.e . o . a respectively (so f1 and f are morphisms |p] —— |g]).
{ ‘\\ /f I l I l \ / l o Decorating the proof yields the graph below.
r, ¢ , Tk A r+a 4)' N ’Ll ’%
p - q p q

Fi’_Alv‘va:s Iy, ¢ , gk Ay WRT—l_ _TﬁWL

\ \\L /\ V / pF o, q p o, ok q
AN b ></' b
X A | ~ pout
ry, Iy , rs' + Aq , Ao, Ag
p p - q q
N S —2 CL,CR.
Table 3: Data-flow in sequent proofs p F q 7

There are two paths from the bottom-left p to the bottom-
right g, namely id || o id|4) o id|q) o fi o id|p) 0 id|,| ©



id|p) = fifori € {1,2}. The data-flow from p to ¢ in the
whole proof is defined to be the join of all paths from p to
q. Soits 1 x 1 data-flow matrix is f; Ll fo.

Now we are ready to explain Table Blin a formal way:

e Anarrow I' —— T, where I' = {¢1,... ¢, }, stands
for a bundle of arrows ¢p1 —— ¢1,...,0n —> Pn;

e Anarrow ¢ Vi) —— ¢V Yporo ANy —— ¢ A9
stands for two arrows ¢ — ¢ and ¢y — ;

e An arrow -¢p — —¢ stands for an arrow ¢ <—— ¢
(the direction matters, because arrows go between oc-
currences of formule);

e Thus, it follows inductively that every arrow stands for
a bundle of arrows between atomic formule;

e Every arrow from atomic formula p to atomic formula
q is labelled with a morphism |p| —— |¢]. If the
label is missing, we mean the identity morphism;

o [f there are m paths from p to ¢, and the ¢-th path has

the form p = p}) fi, pi fo .. _fn ph. = lal.
then the entry f,, of the data-flow matrix is

|_| f’:lio :liflo”'ofit'

ie{l,..m}

Remark 4.4. In the absence of non-logical constants, all
data-flows between atomic formule are id or 0; however,
denotations of non-logical constants can be chosen freely,
thus more exotic matrices can arise.

Next, we show how the data-flow view obviates a strik-
ing connection between negation and the question whether
a denotation of a proof in G(Q) is a (co-)monoid homomor-
phism (cf. Theorem EE2)).

Proposition4.5. Let f : (AT, A™) — (BT, B™) be the
denotation of some proof ® of ' b A in G(Q). Let faa,
fan, [Ba, and fgg be as in Diagram[ll Then

e fau is given by the data-flow in @ from T toT.

e fap is given by the data-flow in ® from T to A.
e fpa is given by the data-flow in @ from A to T.
e fpp is given by the data-flow in ® from A to A.

Proof. By induction on . |

Proposition4.6. Let f : (AT, A~) — (BT, B™) be the
denotation of some proof ® of T' b A in G(Q). If  contains
neither —L, nor =R, nor non-logical axioms, then fo4 = 0
and fgp = 0; in other words, f is a (co-)monoid homo-
morphism

Proof. By induction on &, it follows ® has no data-flow
from I to I’ or from A to A. Now the claim follows from
Proposition O

5. Weakening and contraction in G(Q)

Next, we study the cut-reduction rules for weakening and
contraction, which are the only semantic troublemakers. We
focus on explaining why denotations of proofs in G(Q) can
grow strictly along the rules REDWL and REDCL (the ex-
planation for REDWR and REDCR is dual).

For weakening, consider the following instance of
REDWL, where p is atomic and v any formula:

— AXx — TR
pkp FT — TR
WR ——WL _ T
pEp YT ~ — WL, WR.
Cut pkop T
pEp, T
The data-flow graph for the redex is
p F p T
f }
p Fp ¥ Yo T
t } | t
p F p : T

By contrast, the data-flow graph for the reduct contains no
arrows at all. So, in the redex, the data-flow from the neg-
ative p to the positive p is id, whereas in the reduct it is 0.
Thus, the redex is greater w.r.t. the local order < of the clas-

sical category G(Q).
For contraction, consider the instance of REDCL where

pkp
®= v —"PVpE-pVp  —pVpk-pVp
-p,p
R — —pVp,~pVpk (-pVp)A(=pVp)
F-pVvp

The graphs for the redex and reduct are presented in Fig-
ures Pl and [ respectively. To help discussion, let us deco-
rate the conclusion of redex and reduct:

F(=(p1) Vo) A (=(p7) V p3).

The data-flow matrices of the redex and the reduct

P Py 22
pf id  id and pf id 0 ,
ps | id id py | 0 id

respectively. So the reduct is greater than the redex in the
sense of the order < of the classical category.
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Figure 2: Instance of the redex of REDCL
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Figure 3: Instance of the reduct of REDCL

References

[1] S. Abramsky, E. Haghverdi, and P. Scott. Geometry of inter-
action and linear combinatory algebras. Math. Struct. Comp.
Sci., 2001.

[2] M. Barr. *-Autonomous categories and linear logic. Math.
Struct. Comp. Sci., 1(2):159-178, 1991.

[3] J. R. B. Cockett and R. A. G. Seely. Weakly
distributive  categories. J. Pure Appl. Algebra,
114(2):133-173, 1997. Updated version available on
http://www.math.mcgill.ca/ rags.

[4] C. Fihrmann and D. Pym.
teraction for classical logic.

On the geometry of in-
In progress. Manuscript at

http://www.cs.bath.ac.uk/ pym/classical-GoI.pdf.

[5] C. Fihrmann and D. Pym.
egorical models of the

Order-enriched cat-
classical sequent cal-

(6]
(7]
(8]

(9]

(10]

(11]

(12]

(13]

(14]

[15]

[16]

(17]
(18]
(19]
(20]

(21]

(22]

culus. Submitted,  2004. Manuscript ~ at
http://www.cs.bath.ac.uk/ pym/ocecm.pdf.

G. Gentzen. Untersuchungen iiber das logische Schlieflen.
Mathematische Zeitschrift, 39:176-210, 405-431, 1934.

J. M. E. Hyland. Proof theory in the abstract. Ann. of Pure
Appl. Logic, 114(1-3):43-78, 2002.

A. Joyal, R. Street, and D. Verity. Traced monoidal cate-
gories. Math. Proc. Camb. Phil. Soc., 119:447-468, 1996.
J. Lambek and P. Scott. Introduction to higher order cate-
gorical logic, volume 7 of Cambridge studies in advanced
mathematics. Cambridge University Press, 1986.

S. Mac Lane. Categories for the Working Mathematician.
Graduate Texts in Mathematics. Springer-Verlag, 1971.

J.-Y. Girard. Linear logic. Theoret. Comp. Sci., pages 1-102,
1987.

J.-Y. Girard. Geometry of interaction I: Interpretation of sys-
tem F. In Logic Collogium (Padova, 1988), volume 127 of
Stud. Logic Found. Math., pages 221-260. North-Holland,
1989.

J.-Y. Girard. Geometry of interaction II: Deadlock-free algo-
rithms. In Proceedings COLOG (Tallinn, 88), volume 417 of
LNCS, pages 76-93. Springer-Verlag, 1990.

J.-Y. Girard. Geometry of interaction III: Accommodating
the additives. In Advances in Linear Logic (Ithaca, NY,
1993), volume 222 of London Math. Soc. Lecture Note Ser.,
pages 329-389. Cambridge University Press, 1995.

J.-Y. Girard, Y. Lafont, and P. Taylor.
Cambridge University Press, 1989.

M. Parigot. Ap-calculus: an algorithmic interpretation of
classical natural deduction. In Proceedings of the Interna-
tional Conference on Logic Programming and Automated
Reasoning LPAR’92, volume 624 of LNCS, pages 190-201,
1992.

D. Prawitz. Natural Deduction: A Proof-Theoretical Study.
Almquist and Wiksell, Stockholm, 1965.

D. Pym and E. Ritter. On the semantics of classical disjunc-
tion. J. Pure and Applied Algebra, 159:315-338, 2001.

E. P. Robinson. Proof Nets for Classical Logic. J. Logic
Computat., 13(5):777-797, 2003.

K. Rosenthal. The Theory of Quantaloids, volume 348 of Pit-
man Research Notes in Mathematics. Longman, 1996.

P. Selinger. Control categories and duality: on the categorical
semantics of the lambda-mu calculus. Math. Struct. Comp.
Sci., 11:207-260, 2001.

C. Urban. Classical Logic and Computation. PhD thesis,
Cambridge University, October 2000.

Proofs and Types.


http://www.math.mcgill.ca/~rags
http://www.cs.bath.ac.uk/~pym/classical-GoI.pdf
http://www.cs.bath.ac.uk/~pym/oecm.pdf

	Introduction
	Preliminaries
	Linearly distributive categories
	Biproducts and quantaloids
	Geometry of interaction

	Classical categories
	Classical categories from quantaloids
	The matrix presentation of G(Q)
	A graphical presentation of data-flow

	Weakening and contraction in G(Q)

