Turing machines (part 2)



Uncomputabllity



Uncomputability:
overview

m As we shall see, every Turing machine can be
encoded into a list of natural numbers.

m So the set of Turing machines is enumerable.

m As we have seen, the set of functions N — N
IS ot enumerable.

m SO there must be functions N — /N which are
not Turing-computable.

m We shall find concrete examples of
non-computable functions.



Enumerating TM’s

q1 | Wiq1 Lago
q2 | Wiqa Lgs
q3 | Wigs

m Recall that we can present a Turing machine
as a transition table.

m The table can be presented as a list of
guadruples:

qOWiq1, 11Lqa, g20W1q2, g21Lgs, q30W1qs.



Enumerating TM’s

mThe sets Q, ¥ = {0,1}, and {Wy, Wy, L, R}
are finite.

mSotheset@ x X x {Wy, Wy, L, R} x Q of
guadruples is finite, and in particular
enumerable.

mSotheset (Q x X x {Wy, Wy, L, R} x Q)* of
finite lists of quadruples Is enumerable.

m Because every TM can be represented by
such a list, the set of TM’s Is enumerable.



Enumerating
Turing-computable functions

m WWe have an enumeration of TM’s:
Ml) M27 M37 s

mLetting f, : N — N be the function computed
by M;, we have an enumeration of the set of
Turing-computable functions:

f17f27f37°°°



Functions not
Turing-computable

So there must be functions N — N that are
not Turing-computable, for otherwise fi, fo, f3, ...
would be an enumeration of N — N, which Is
Impossible because of the diagonalization argu-
ment.



The diagonal
function

Let f1, fo, f3,... be an enumeration of Turing
machines. The diagonal function d is defined
as follows:

[ 1L if f,(n) is defined,
1 otherwise

\

(Recall that we write _L for “undefined”.)



Link with the Java
example

m Recall the Java program t est 2 that takes a
string pr ogr am “runs pr ogr amon itself”,
prints “Hello World!” if pr ogr amdoes not
print “Hello World!”, and “Whatever”
otherwise.

m The diagonal function d Is similar: it takes a
natural number n that represents a Turing
machine, “runs n on itself’, and “does the
opposite” of the result.



Uncomputability of d

= As we have seen, the Java programt est 2
cannot be Java-computable.

= Similarly, the diagonal function d cannot be
Turing-computable (see lecture for proof).



The halting function

The halting function is defined as follows:

(9 f M,, halts on input &

hin. k) =
(n, k) = 1 otherwise

\



Nalve attempt at
computing h(n, k)

= Run the n-th TM, M,,, on input &.

m |[f the computation halts, then go into an
Infinite loop.

m |[f the computation does not halt, return 1.

= But how long do we wait for the computation
to halt?



Self-halting

The self-halting function is defined by
s(n) = h(n,n).

Proposition. The self-halting function s Is not
Turing-computable.

Proof. See lecture.



Uncomputability of
the halting function

Corollary. The halting function A Is not Turing-
computable.

Proof. See lecture.



Summary

= The main result is that the halting function is
not Turing-computable.

m Informally, this means that there is no TM that
takes as inputs a code n fora TM and a
number m and decides whether M, halts on
m Or not.
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